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Three-dimensional nonstationary ow of viscous incompressible liquid is investigated in a layer generated by nonuniform distribution of temperature on its free boundaries. If the temperature given on the layer boundaries is quadratically dependent on homogeneous coordinates, the external mass forces are absent and the motion arises from the rest state then the problem with free boundaries for the Navier{Stokes equations has the "exact" solution determined from system of equations with two independent variables. Here the free boundaries of the layer remain parallel planes and the distance between them must bealso determined. Formulated in present paper are the conditions of both the unique solvability of the reduced problem on the whole in time and the collapse of the solution in nite time. Moreover studied in this paper are qualitative properties of the solution such as its behaviour at large time in the case of global solvability of the problem and the asymptotics of the solution near the collapse moment i n the opposite case.
1 Statement of problem.
Considered below is thermocapillary motion of viscous incompressible liquid bounded entirely with free surface. The domain occupied with liquid is denoted by t , and its boundaryis denoted by ; t . Liquid density and kinematic coe cient of viscosity are supposed to beconstant and the coe cient of surface tension to belinear function of temperature = 0 ; ( ; 0 ) (1.1) where 0 and 0 are positive constants. We will suppose further that motion arises from the rest state and the external mass forces do not act on liquid. Moreover we will assume that the temperature of free surface ; (x t) i s k n o wn function of coordinatesx = ( x y z) and time t. Hence the mathematical statement of problem on thermocapillary motion is reduced to determination of the domain t 0 < t < T and the solutionṽ(x t) = (u v w) p (x t) of system of the Navier{Stokes equations v t +ṽ rv = ; ;1 rp + ṽ r ṽ = 0 (1.4) 1 ṽ ñ = V n x 2 ; t 0 < t < T : (1.5) The following notations are used in (1.4), (1.5) :ñ is unit vector of the external normal to the surface ; t , D = rṽ + ( rṽ) ]=2 is strain velocity tensor, K is mean curvature of the surface ; t , r ; = r ;n(ñ r ) is surface gradient, V n is velocity of displacement of surface ; t in the direction ofñ. After substitution of the expression for in the form of (1.1) with = ; (x t) i n to (1.4) we obtain the closed statement of the problem with free boundaryfor the Navier{Stokes equations.
The solvability conditions for the initial boundary value problem (1.2){(1.5) are derived in 1]. Investigated in 2] are the invariance properties of this problem the group classi cation of this problem relative to an "arbitrary element" ; (x t) is ful lled there too. The examples of the exact solutions of equations of thermocapillary motion are presented in [3] [4] [5] [6] and in chapter 7 of monograph 7] (see also references there). It must be noted that the majority of found exact solutions describe stationary ows determined from system of ordinary di erential equations. Solution of plane nonstationary problem for system (1.2) describing thermocapillary ow in a strip is built in 2]. It corresponds to the dependence ; = + l(t)x 2 , where = const and l is an arbitrary function of t and it is de ned from system of equations with two independent variables. Possibility of the decrease of order of the problem considered in 2] is caused by the fact that its solution is partially invariant solution 8] of the plane analog of system (1.2). Solution studied in present paper is natural generalization of previous solution for the case of thermocapillary motion in a layer. It corresponds to the temperature distribution on the boundaries of the layer
(1.6) where l and m are arbitrary functions of t.
The further considerations are grounded on the following statement that can be checked by the direct test. If Let us show that solution (1.7) can be interpreted as a solution describing thermocapillary motion in layer jzj < s(t) where the temperature distribution is prescribed on its boundaries (1.6). In fact in this case K = 0 r ; = (; xl(t) ; ym(t)) and the condition (1.4) will be satis ed at z = s(t) if functions f and g are subjected to the equalities f z (s(t) t ) = ;k l(t) + m(t)] 0 < t < T Further we assume that f z (0 t ) = g z (0 t ) = 0 0 < t < T (1.10) and continue functions f, g (determined initially at 0 < z < s(t) 0 < t < T) to the domain ;s(t) < z < 0 in even way. Then condition (1.4) will be ful lled at the lower boundaryof the layer z = ;s(t) too. If we demand the ful llment o f t h e relation ds dt = ;2 Z s(t) 0 f(z t)dz 0 < t < T (1.11) then we can satisfy the condition (1.5) on both boundaries of the layer. Finally we assume that s(0) = a > 0 (1.12) (it corresponds to de nition of the initial position of the layer) and f(z 0) = g(z 0 ) = 0 0 z a:
(1.13) Then the initial conditions (1.3) will be satis ed.
2 Conditions for existence and non-existence of solution.
Here the solvability conditions for the problem (1.8){(1.13) are formulated and the qualitative properties of its solution are determined. Note that we are interested only in classical solutions of mentioned problem. The input data of the problem (i.e. functions l(t) and m(t)) must besubjected to some conditions of smoothness and compatibility i n order to ensure the existence of such solutions. Further we assume that these functions are de ned for all t > 0, moreover 
The equality
was used for derivation of (2.3). The mentioned solution of the Cauchy problem satis es this equality. Then the boundary conditions (1.9) are rewritten in the form
The conditions (1.10), (1.13) give the following conditions for the functions F and G
(2.6) As a result we obtain the initial boundary value problem in the xed domain (2.4){(2.6) for the system of quasilinear integro-di erential parabolic equations of the second order (2.3). Its local unique solvability i n H older classes follows from general results of theory of parabolic equations 10] and can bedetermined for example by method of successive approximations the convergence of this method is guaranteed for su ciently small T. Hence the kinematic condition on the free boundary (1.11) is ful lled automatically.
So solvability of problem (1.8){(1.13) at small time interval demands from functions l(t), m(t) only the ful llment of smoothness condition (2.1) and compatibility condition (2.2). As it will be shown below these conditions are insu cient for solvability of the problem "in the whole": Proposition s (2.9) after integration of the rst equation (1.8) by z at the interval 0 s (t)] and taking into account the conditions (1.9){(1.11). Further we may suppose without loss of generality that number used in formulation of Proposition 2 is less then the life span t of solution of studied problem. As it follows from (2.9) and the conditions of Proposition 2 function f decreases monotonically at the interval 0 t ) and formula (1.13) gives f(0) = 0. So using (2.8) one can conclude that s(t) a when 0 t < t .
Integration of the identity (2.9) at the interval (0 ) and elimination of necessarily nonpositive terms from the right part of the resulting equality lead to the chain of inequalities Initial and boundary conditions for the system (2.12) are obatined from (1.9),(1.10),(1.13) and have the form z (s(t) t ) = ;2kl(t) z (s(t) t ) = ;2km(t) (2.13) z (0 t ) = z (0 t ) = 0 0 < t < T (2.14)
If we consider the rst and the second equations (2.12) as linear ones relative to the functions and we may apply the maximum principle 11] to the solution of the initial boundary value problems (2.13){(2.15) for these equations. In accordance with this principle the nonnegativity of the right parts of the conditions (2.13) provided by the inequalities (2.10) and the homogeneity of the conditions (2.14), (2.15) imply the nonnegativity of functions and in the domain S T where T < t in the case a) and T is an arbitrary positive n umberin the case b). It means that f 0 and jgj f for (z t) 2 S T : (2.16) So that the proof of the rst inequality (2.11) will imply the proof of the second one. Moreover function s(t) decreases monotonically for t > 0 by virtue of (2.8), (2.16), so that this fact together with (2.12) implies the estimate s(t) a if t 2 0 T ]: (2.17) Obtaining of uniform pointwise estimates of functions f z g z in the domain S T is the next step of the proof. It is evident that it is su cient for this purpose to obtain the similar estimates for the functions = z = z . As it follows from (2.12){(2.15) these functions are the solutions of the rst initial boundary value problems for the linear parabolic equations t ; 2 z
(s(t) t ) = ;2kl(t) (s(t) t ) = ;2km(t) It arises from inequalities (2.22) that the maximal value of function f(z t) at some xed t is achieved in the point z = s(t) belonging to the free boundary of the domain S T .
So one must obtain the estimate from above of function f(s(t) t ) for the completion of the proof of Proposition 3. With this aim let us consider the obvious representation f(s(t) t ) = f(t) + Here: a) T < t b) T > 0 is arbitrary. The proof of Proposition 3 is complete.
3 Qualitative properties of solutions.
It will be shown below that all hypothetical possibilities considered in Proposition 3 can be realized. In order not to overload the paper we consider two simple cases of the behaviour of functions l(t) and m(t) de ning the "destiny" of the solution of our problem. Proposition 4. Let the solution of the problem (1.8){(1.13) to be determined in some domain S T . Suppose that conditions (2.10) are ful lled and moreover l(t) = m(t) = 0 when t (3.1) and l + m 6 0 when 0 t . Then the problem (1. 
The global existence theorem is valid for the problem ( Here we use the condition of Proposition 4, l(t) + m(t) 6 0 for 0 t . We may assume without loss of generality that one can nd such a n i n terval (t 1 t 2 ), 0 t 1 < t 2 that the strict inequality is ful lled there l(t) < 0 when t 1 < t < t 2 : (3.13) At this time function m(t) can vanish identically (note that both functions l and m are nonpositive for t 0 in accordance with the condition (2.10)). The case when l = 0 for all t 0 and the inequality analogous with (3.13) is ful lled for the function m(t) is considered in a similar way.
At rst let us consider the special case m = 0 for all t 0. Then the second condition (2.13) is homogeneous and implies the equality = 0 in the domain S T for any T > 0 on the ground of the uniqueness theorem for the solution of the initial boundary value problem (2.12){(2.15) for the function . It means that functions f and g coincide for all z 2 0 s (t)] t 0.
On the other hand values of the function are strictly positive on the upper boundary t = 0 z s( ) of the domain S T in consequence of inequality (3.13) and strict maximum principle applied to solution of the problem (2.12){(2.15) for the function . The correctness of asymptotics (3.4) for the functions f and g is obtained, consequently the asymptotics for the function s follows immediatly from (2.8).
Let us pass to the analysis of general case where the inequality written (3.13) is ful lled parallel with m(t) < 0 when t 3 < t < t 4 (3.14) where t 3 Proposition 5 is proved.
The interest in investigating of the behaviour of solution of the problem (1.8){(1.13) near the moment t follows from this Proposition. The simplest solution of this question can be found in the case when both functions l(t) a n d m(t) t a k e constant v alues beginning with some . hjdz = B when t 2 t ) with the help of these functions and functions f(t), h(z t) = f ; f introduced before.(Here the evident equalities U = s f V = s g following from (3.17) and de nition of functions f and g were taken into account.) System (3.24) is not closed relative to the functions U and V , however this fact does not prevent to nd the asymptotics of its solution near the moment t when s(t ) = 0.
The point is that the integral terms of (3.24) tend to zero quickly when t % t . The proof is grounded on representations
where b(t) ( c(t)) is a point from the interval 0 s (t)] where function f(z t) ( g(z t)) takes its mean value as a function of z on mentioned interval. Using the uniform estimates 13 (2.22) of functions jf z j jg z j valid by virtue of (2.10) and remembering the de nitions of Moreover it is assumed that functions f and g are already de ned in the domain S so that jr 0 j q 0 q 0 > 0 on the base of (2.16), (3.17) and (3.28) (note that conditions of Proposition 6 guarantee the ful llment o f inequalities (2.10) providing estimates (2.16)). The inequalities q( ) > 0 jr( )j q( ) (3.31) for any nite 0 follow also from mentioned relations but here they play the role of a priori estimates for solution of the Cauchy problem (3.29), (3.30) .
First of all note that trajectory of the dynamic system (3.29) outgoing from the point . Proposition 2 gives su cient conditions for blowing up of solution of the problem (1.8){(1.19) in nite time t . Note that this phenomenon has a purely inertial character viscous forces can't prevent it although these forces guarantee the space regularity o f t h e solution.
The question about the structure of the solution singularity near the moment t is still open. This question is studied in detail in 13] for the plane analog of the discussed problem. Speaking more precisely, considered in 13] is equation (1.8) where g = f the modi ed (for this case) problem with free boundary (1.9){(1.13) is investigated { one put l = m = 0 in the condition (1.9) and substitute condition (1.13) for f by the following: f(z 0) = f 0 (z) 0 z a: ( c). The su cient conditions of solvability of problem P for all t 0 are determined in 14]. Also constructed in this paper is class of its exact solutions of the form f = a(t) + b(t) cos nz=s(t)] (4:1) where n is a natural number and functions a b s form the solution of the dynamic system. The value of solutions (4.1) consists of the fact that these solutions represent the main terms of both the blowing up of solutions of problem P when t % t and its regular solutions when t ! 1 . d). Let us consider the problem (1.8){(1.13) for the case l + m = 0 where function l(t) is nonnegative and l > 0 at some interval 0 < t 1 < t < t 2 < 1. Then the statement of Proposition 2 is valid although its proof requires some small modi cation. The case l = ;m is interesting from physical point of view so far as applied to the free boundary of the layer tangential stress at the direction of axis x has at x = y the same magnitude but opposite sign with tangential stress at the direction of axis y. It is di cult to predict the qualitative behaviour of solution with growth of t following "physical concepts". In this case the analysis of the problem (1.8){(1.13) shows that the layer thickness 2s(t) i s a monotonically increasing function of time and there exists some t < 1 such t h a t s ! 1 when t % t . e). Here we suggest some commests for Proposition 4. The exeptional case described by formulae (2.29) correspond to the plane motion. If the equality l = 0 or m = 0 is broken at some arbitrarily small interval of time then the solution of the problem (1.8){ (1.13) is symmetrized with growth of t as it follows from relations (2.28) (note that g = 0 for axisymmetric motion). The essential distinction between plane and three-dimensional regimes of thinning of the layer is demonstrated by the asymptotics of function s: in the rst case s t ;1 and in the second case s t ;2 when t ! 1 . f ) .Let us consider the problem on thermocapillary motion of viscous liquid in a layer at the linear dependence of the free boundary temperature on space coordinates ; = A(t)x + B(t)y: It is not di cult to see that its solution can beobtained in the form u = u(z t) v = v(z t) w = 0 p = 0 s = a = c o n s t :
Functions u v are determined as solutions of the second initial boundary value problem for the linear equation of heat conduction (the details are omitted). So the linear by coordinates distribution of temperature on plane free boundary of viscous layer does not lead to its thickness change. It is natural to suppose on the basis of this observation that the main change of the layer thickness under the action of thermocapillary forces takes place near the critical points of the temperature eld on free surface. This concept can be considered as an additional motivation for investigation of solutions of the Navier{Stokes equations of the form (1.7). The unboundedness of functions u and v when x y ! 1 is the evident defect of this solution. However we can consider it as a solution describing the local behaviour of liquid in vicinity of critical points of the temperature eld on free boundary.
